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As a part of the investigation of classical reflectance, 
it is determined that the hemispherical reflectance for a 
material with a particular pair of optical constants can be 
approximated by computing the angular reflectance at sixty 
degrees, using Fresnel's generalized reflectance formulas. 
Reflection methods for the purpose of determining the 
optical constants of a variety of materials are discussed. 
The unpolarized reflectance versus angle of incidence tech-
nique is used for determination of the optical constants 
of bulk solids. Restrictions on the simultaneous solution 
of the Fresnel equations are determined and a computer 
program is developed to compute values necessary to plot 
the isoreflectance curves. Error studies are carried out 
for the case of the optical constants close to those of 
aluminum at 0.59~ to determine the effects of small errors 
in the reflectance values on the resulting values of n and k. 
The method is applied to the case of an aluminum first 
surface laboratory mirror and the optical constants are 
determined to be 1.09 and 6.37 in the wavelength range 
around 0.55~. 
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I. INTRODUCTION 
Among the quantities of importance in radiative heat 
transfer calculations are reflectance, emittance, absorp-
tance, and transmittance. All of these quantities have as 
their fundamental parameter the index of refraction, N, 
consisting of a real portion, n, and an imaginary portion, 
called the absorption coefficient, k. Fundamental as they 
are, the optical constants (n and k) cannot be measured 
directly. Rather, related quantities, such as reflectance 
or transmittance, must be measured, and the optical con-
stants deduced from these measurements. Once n and k have 
been found for a particular material, any of the above 
quantities can be calculated as needed. 
Early in the nineteenth century, Augustin Fresnel 
developed a set of equations which became the basis for 
many methods of determining the optical constants. He 
predicted that when light is reflected from a dielectric 
material, the two polarized components vibrating in the 
plane of incidence and perpendicular to it would undergo 
a phase shift of 180 degrees or zero degrees, and that at 
a particular angle, called the Brewster angle, the parallel 
polarized component would become zero. In subse que nt 
polarization studies , experimentalists of that era found 
this not to be true. Some time later, Rayleigh and Drude 
discovered tha t the reason f or the apparent discrepancy wa s 
a failure to recognize the presence of a surface film on 
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the test samples. Each man then went on to study polariza-
tion phenomena. Rayleigh concentrated on water and films, 
while Drude investigated solid materials. 
The result of Drude's efforts, known as Drude theory, 
is the foundation upon which ellipsometric methods for 
finding the optical constants have been developed. The 
basic physical principle upon which these methods depend is 
that a plane wave, on being reflected from a film or metallic 
surface is elliptically polarized. The state of polarization 
is determined by the ratio of the parallel reflection co-
efficient to the perpendicular reflection coefficient and 
the relative phase shift in the two components after reflec-
tion. These quantities are determined by measurement with 
an ellipsometer, and inserted in equations developed by 
Drude to yield the optical constants. 
Ellipsometry has been used to obtain film thickness as 
well as the optical constants of many films and substrates. 
It does have the disadvantage of being very time consuming 
in the laboratory, but in the case of very thin films, it 
is often the only available method of determining the 
optical constants [l] . 
While development of ellipsometric methods was going on, 
a second group of methods, the reflection methods, were also 
being developed. The reflection methods involve a direct 
application of the original Fresnel equations which relate 
the parallel and perpendicularly polarized reflection co-
efficients to the optical constants, and to the angle of 
3 
incidence of the electromagnetic radiation. There are a 
large number of possible measurement combinations which 
will yield the necessary information to invert the Fresnel 
equations and arrive at n and k. The inversion procedure 
usually involves numerical or graphical techniques, or 
both. Measurement combinations will be reviewed later. 
These reflection methods are commonly used for materials 
that are relatively strong absorbers, such as water in some 
wavelength regions. The methods have also been used for 
a variety of solids and films with some success. 
This paper will develop one reflection method for 
bulk solids (particularly metals) and will demonstrate its 
usage by determining the optical constants of a laboratory 
mirror. 
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II. REVIEW OF LITERATURE 
Using the Fresnel relations as a basis, a great deal of 
research has been conducted on the theory and application of 
reflection methods for determining the optical constants of 
a large variety of materials. Table I, although not all-
inclusive, illustrates the scope of past efforts, with a 
chronological listing of achievements in four classifications. 
The first classification consists of basic analyses of 
reflection methods as applied to determination of optical 
constants. Included are discussions of graphical solutions 
of the Fresnel equations [2,4] and analyses of the sensitivity 
of such methods of solution [5,6]. A detailed description 
of the properties of reflectance, transmittance, and other 
quantities used to describe reflection and refraction is 
given [8] and one study deals with the effects of internal 
and external incidence on reflectance [3]. Numerical tech-
niques and normalization procedures are discussed in [7] and 
[10], while some of the more interesting developments in 
recent years have been the introduction of two new reflec-
tion methods [9,11,12]. 
Classifications two, three, and four deal with various 
applications of reflection methods to determination of 
optical constants for water [12,14,15,16,17], for films and 
substrates [18,19], and for solids in their bulk state [20, 
21,22,23,24]. The technique to be used in this paper 
(reflectance versus angle of incidence technique using 
unpolarized light) has, as yet, only been applied to 




REVIEW OF LITERATURE TABLE 
A. ANALYTIC STUDIES OF REFLECTION METHODS USED TO DETER..1-1INE 
THE OPTICAL CONSTANTS 
YEAR AUTHOR(S) DESCRIPTION 
1939 Tousey [2] Graphical solution of Fresnel 
equations, unpolarized light 
1942 Judd [ 3] Reflectance for unpolarized per-
fectly diffused incident light; 
dependence on internal and 
external incidence 
1952 Avery [4] Graphical solution of Fresnel 
equations, ratio of parallel to 
perpendicular reflectance 
1961 Humphreys-Owen [5] Sensitivity analysis of nine 
accepted reflectance methods 
1965 Hunter [ 6] Sensitivity analysis of reflectance 
versus angle of incidence; regular, 
perpendicular, parallel reflectance 
1966 Holl [7] Basic description of reflectance 
of quantities and numerical tech-
niques in solving the Fresnel 
equations 
1968 Komrska [ 8] Detailed description of properties 
of quantities used to describe 
reflection and refraction 
1969 Querry [ 9] Direct solution of Fresnel equa-
tions except at oo and 45° 
1971 Field, Discussion of effects of normaliza-
Murphy [10] tion to unity at angles other than 
goo, regular reflectance 
1972 Armaly, Restrictions on direct solution of 
Ochoa, Fresnel equations, polarized 
Look [11] components 
1972 Hunderi [ 12] Method based on relative derivative 




REVIEW OF LITERATURE TABLE (continued) 
B. APPLICATIONS: OPTICAL CONSTANTS OF WATER 
YEAR AUTHOR(S) SPECTRAL REGION METHOD 
1969 Querry, 5000-400 -1 Direct solution of em 
Curnutte, Fresnel equations, 
Williams [13] !polarized components 
1971 Rusk, 5000-300 -1 Numerical technique em 
Williams, using regular ref lee-
Querry [14] tance at near normal 
and 53° 
1971 Popova, 2000-100 j.lm Kramers-Kronig 
Alperovich, 
Zolotarev [ 15] 
1972 Hale, Querry, 5000-350 -1 Kramers-Kronig em 
Rusk, 
\\Tilliams [16] 
1973 Hale, 200 nm-200 ].liD Kramers-Kronig 
Querry [17] 
c. APPLICATIONS: OPTICAL CONSTANTS OF FILMS AND SUBSTRATES 
YEAR AUTHOR(S) MATERIALS METHOD 
1971 Ruiz-Urbieta, Al0 2 on Al, Extreme values of 
Sparrow, zro2 on Al, either polarized 
Eckert [18] Al reflectance 
1971 Ruiz-Urbieta, Dielectric Extreme values of 
Sparrow, films on either polarized 




REVIEW OF LITERATURE TABLE (continued) 
D. APPLICATIONS: OPTICAL CONSTANTS OF SOLID MATERIALS 
YEAR AUTHOR(S) MATERIAL METHOD 
1943 Collins, Beryllium Numerical/graphical 
Bock [20] technique using 
parallel _E_olarization 
1951 Simon [21] Quartz, Graphical technique 
Muscovite using regular, paral-
lel, or perpend icular 
reflectance at 20°,70° 
1966 Miloslavskii Aluminum Kramers-Kronig 
[22] 
1972 Kolb [23] Numerical approach 
using ratio of paral-
lel to perpendicular 
reflectance at two 
angles of incidence 
1972 Znamenskii Aluminum Extreme values of 
[24] reflectance, numerical 
approach 
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III. ANALYTICAL INVESTIGATION OF FRESNEL'S EQUATIONS 
The basis for all of the reflection methods can be 
found in the equations derived from the electromagnetic 
theory of light known as Fresnel's relations. According 
to this theory, light may be described by two vector quan-
tities: electrostatic intensity and magnetic intensity. 
Each of these vector quantities can be divided into two 
components, one parallel to the plane of incidence, and 
the other perpendicular to the plane of incidence. (The 
plane of incidence is the plane formed by a line along 
the average surface normal and a line along the direction 
of incidence.) Reflectance is a measure of the square of 
the ratio of the magnitude of the electric vector after 
reflection to the magnitude before reflection. Thus, 
reflectance may be described by a perpendicular component, 
Rs, and a parallel component, Rp. The Fresnel relations 
for these quantities, which are sometimes referred to as the 
polarized components of angular reflectance, are stated as 
follows: 
Rs(¢) = a
2 + b 2 - 2a cos p + cos 2 ¢ 
a 2 + b 2 + 2a cos ¢ + cos 2 ¢ 
Rp(¢) Rs (¢) (a
2 + b 2 - 2a sin ¢ tan ¢ + sin2 ¢ tan2 ¢) 










2b 2= 2 2 sin ¢2)2 4n4k2)2 2 2 . 2¢ ( (n ( 1-k ) - + - n (1-k ) + sJ.n . 
(4) 
In these equations, ¢ is the angle of incidence, n is the 
real part and k the imaginary part of the complex index 
of refraction, N: 
N = n(l-ik). 
For the case of natural or equally polarized light, the 
angular reflectance is the average of these polarized 
components: 
R(¢) = Rs ( ¢) + Rp(¢) 2 
( 5) 
( 6) 
Equation (6) has a slightly different formulation for cases 
where the incident light is unequally polarized and that 
formulation depends on the relative magnitudes of the 
incident parallel polarized component and the incident 
perpendicularly polarized component of the electric vector. 
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Details of the derivation of these equations from the electro-
magnetic theory of light can be found in references [25,26, 
27] . 
In addition to depending upon the angle of incidence and 
the polarization of the incident electromagnetic radiation, 
the reflectance also depends on the wavelength of this inci-
dent radiation. Reflectances discussed in this work are 
essentially monochromatic (measured at one small specified 
wavelength interval). Examples of reflectances measured 
for a variety of wavelengths and the corresponding values of 
the optical constants are given in Table II for silver and 
gold [ 28] • 
A. HEMISPHERICAL REFLECTANCE 
One of the major reasons for the interest in determining 
the optical constants, is that once they are known for a par-
ticular material, the angular reflectance can be determined 
with no further effort in the laboratory because n and k are 
basic properties and are independent of the angle of inci-
dence. The hemispherical reflectance, R(h), as defined in 
references [29,30], may be obtained by integration of the 
angular reflectance: 
J21T JTI/2 R(h)= 
0 0 





OPTICAL CONSTANTS OF SILVER l'>,ND GOLD 
N = n-ink 
METAL WAVELENGTH (]J) n nk R ( ¢=0 °) 
Silver 4.04 2.98 28.8 .995 
2.10 1.00 14.3 .980 
1.00 0.24 6.96 .981 
0.578 0.106 3.59 . 970 
0.546 0.108 3.25 .963 
0.4916 0.123 2.72 .943 
0.4558 0.149 2.16 .900 
0.302 1.2 0.7 .120 
0.2653 1.1 1.3 .204 
Gold 4.13 1.60 28.8 .992 
1.07 0.25 7.1 .980 
0.870 0.21 5.4 . 970 
0.680 0.617 3.859 .853 
0.5893 0.469 2.826 .815 
0.520 1.104 2.817 .530 
0.3611 1.300 1.750 .377 
0.2573 0.918 1.142 .276 
or 
R(lJ, 8 ) 
'IT ll dll d e . 
1 3 
( 8) 
This hemispherical reflectance is commonly used when cal-
culating radiant energy exchange. Judd [3] has calculated 
the hemispherical reflectance according to approximate 
formulas for internally incident and externally incident 
perfectly diffuse light, and compared those values to the 
values of reflectance at perpendicular incidence for the 
special case where k is equal to 0.0 (i.e., dielectric 
materials). 
As a part of the initial phase of the investigation of 
classical reflectance, equation (7) was integrated numerically 
for a variety of optical constants (n,k). When these results 
were plotted with the results obtained from the Fresnel 
equations on reflectance versus n curves, with angle of 
incidence as the curve parameter, an interesting pattern 
emerged. For n's between 1.0 and 3.0 and k's up to 1.0, 
hemispherical reflectance is essentially equal to the angular 
reflectance computed at sixty degrees. In the case of the 
same n's and k's equal to 2.0, the hemispherical reflectance 
is bounded by the angular reflectance values computed at 
sixty and seventy degrees. When k is 3.0, the angular 
reflectance at forty degrees seems to be approximately 
equivalent. For all n's up to 3.0 and k's between 4.0 and 
14 
6.0, the hemispherical reflectance is bounded once more; 
this time by the angular reflectance values at fifty and 
sixty degrees. Examples are shown in Figures 1 and 2 for 
k's of 0.02 and 0.2. 
If the optical constants are known for a material, a 
fairly accurate estimate of the hemispherical reflectance 
value may be obtainable merely by application of the Fresnel 
equations at the appropriate angle as summarized in Table 
III. 
B. REFLECTION METHODS FOR DETERMINING OPTICAL CONSTANTS 
Humphreys-Owen [5] lists two classes of reflection 
methods: (a) those that use two measured reflectance values 
at one angle of incidence or one measured reflectance value 
at each of two angles of incidence, and (b) those that re-
quire one measured reflectance value at any angle and the 
measurement of an angle having an appropriate optical 
property to provide the second necessary condition. Two 
conditions or measurements are needed because there are two 
unknowns, n and k. 
In the first class are the following methods: 
1. Measurement of Rs at two angles of incidence. 
2. Measurement of Rp at two angles of incidence. 
3. Measurement of R at b vo angles of incidence. 
4. Measurement of Rs/Rp at two angles of incidence. 
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1.0-3.0 R (60) 
0.08-0.2 0-0.9 --
0.9-3.0 R ( 6 0) 
0.2-0.6 0-0.6 R (50) 
0.6-1.0 --
1.0-3.0 R (60) 
0.6-1.0 0-0.8 R (50) 
0.8-3.0 R (60) 
-
1.0-2.0 0-3.0 R (60) 
2.0-3.0 0-3.0 R(O) ,R(lO) ,R(20) 
R(30), R ( 40) 
3.0-5.0 0-3.0 R(50) 
5.0-6.0 0-3.0 R(50) ,R(60) 
1 8 
Methods 1 through 3 have been studied by Hunter [6] who 
found that of the three, Method 2 appeared to be the most 
sensitive. Method 4, used by Avery [4], has the advantage 
that no reference mirror is ever needed, and many experi-
mental difficulties are eliminated because direct measure-
ment of reflectance values is not necessary. Most of these 
methods require extreme stability of the source with respect 
to time because of the time interval needed to change the 
angle of incidence. Method 5 eliminates this requirement . 
A novel new method introduced by Hunderi [12] consists o f 
measuring the reflectance value at normal incidence and the 
relative derivative of reflectance with respect to the angle 
of incidence. This method is particularly useful where 
reflectance values are low. 
Until recently, all of these methods required some sort 
of graphical solution. Querry (9] has since developed a 
direct solution method which can be used for techniques 
which utilize polarized reflectance values. 
In the second class of methods listed by Humphreys-Owen 
are the following: 
1. The Brewster angle and Rs at that angle. 
2. The Brewster angle and Rp at that angle. 
3. The Brewster angle and Rs/Rp at that angle. 
4. Measurement of the Brewster angle and Rs, Rp, 
or Rs/Rp at any other angle. 
The Brewster condition simplifies the Fresnel equations in 
such a way that explicit analytical solutions are possible. 
19 
However, if k is small, Rp may also be very small making 
Methods 2 and 3 undesirable. Method 4 is slow because of 
the need for measurements at two angles. Of these four 
methods, the first is most generally preferable. 
All the methods which use polarized reflectances have 
a disadvantage in that they are not applicable in the extreme 
ultraviolet, due to the unavailability of the required 
polarizers. Because the most widely applicable method was 
desired for this investigation, the unpolarized reflectance 
versus angle of incidence method was chosen. 
20 
IV. UNPOLARIZED REFLECTANCE VERSUS ANGLE OF INCIDENCE 
TECHNIQUE FOR DETERMINING THE OPTICAL CONSTANTS OF SOLIDS 
The general procedure involved in using the reflectance 
versus angle of incidence technique consists of plotting 
isoreflectance curves on a k versus n plot for each angle of 
incidence being considered. The intersection of two or more 
of these isoreflectance curves indicates a simultaneous 
solution of the Fresnel equations. It is important to 
recognize that each isoreflectance curve is composed of a 
large number of n and k combinations, each of which satisfies 
the Fresnel relations, depending only on the angle of inci-
dence for a given isoreflectance value. 
A. RESTRICTIONS ON THE SIMULTANEOUS SOLUTION OF THE FRESNEL 
EQUATIONS 
It is possible that an isoreflectance curve resulting 
from one set of measurements may not intersect the curve 
resulting from a second set. Therefore, the first step in 
applying the reflectance versus angle of incidence technique 
was to determine which reflectance combinations would result 
in intersections and which would not. 
Toward this end, reflectance values were calculated for 
angles of five, twenty, thirty-five, fifty, sixty-five, and 
eighty-five degrees, using n's from 0.1 to 6.0 (in steps of 
21 
0.1) and for k's from 0.0 to 5.0 (in steps of 0.2). The 
results of these calculations were plotted as reflectance 
versus n curves with k as the curve parameter. These 
curves are shown in Figures 3 through 7 for all the angles 
except for twenty degrees. Figures 3 and 4 show that the 
curves are practically the same for five degrees and thirty-
five degrees. Consequently, it is obvious that the curves 
for angles in-between are also the same, and it is for this 
reason that the curves for twenty degrees are not included. 
Any two families of curves could be used to determine 
which values of reflectance would result in solutions of the 
Fresnel equations for the angles chosen. Drawing a hori-
zontal line through any reflectance value, Rl on any set of 
curves would disclose a large number of possible n and k 
combinations which yield that particular value of Rl. 
Several of these combinations corresponding to Rl would be 
chosen, and located on a second set of curves. The location 
of these points on a second set of curves will give a range 
of reflectance values for which solutions are common to those 
for Rl. For each reflectance Rl, a maximum R2(max) and a 
minimum R2(min) can be found (on the second family of curves) 
for which a common pair of optical constants exist. When 
R2(max) and R2(min) are plotted simultaneously versus Rl, 
regions where simultaneous solutions of the Fresnel equations 
exist are revealed. Figures 3 through 7 were used to deter-
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incidence. Results of the procedure are shown in Figures 8 
through ll for combinations of five, thirty-five, fifty, 
and sixty-five degrees, each with eighty-five degrees. 
In addition to noting regions of possible solution, 
it should be noted that the dashed boundary in F i gure 8 is 
not the result of the procedure outlined above. Examination 
of Figure 3 shows that for k equal to 0.0, and n smaller 
than 1.0, values of reflectance never go higher than 0.627. 
In actuality, if n is allowed to approach 0.0, reflectance 
values obtained for k equal to 0.0 approach 1.0. Although 
this may not correspond to an actual physical situation, it 
is a mathematical possibility and it is this result that is 
shown by the dashed boundary. 
If this physical impossibility is disregarded and 
Figures 8 through 11 are examined, it is apparent that for 
angles of five, thirty-five, fifty, and sixty-five degrees 
and reflectances greater than 0.01 at those angles, the 
regions of possible solution are very nearly the same . Sub-
seque nt plots, also obtaine d f rom Figures 3 through 7, showed 
that in the case of reflectance values for the angles of five, 
thirty- f ive, and fifty degrees plotted against the r e flectance 
at an angle o f sixty-five , the curve s a re very nea rly the same 
also (Figure 12) . Plots for fifty versus five degrees and 
fifty versus thirty-f ive degrees result in the same curve, 
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Figure 8. Regions of Possible Solution for Reflectances 
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Figure 9. Regions of Possible Solution for Reflectances 
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Figure 10. Regions of Possible Solution for Reflectances 
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Figure 11. Regions of Possible Solution f or Reflectances 











0·2 0·4 0·6 0·8 1·0 
R(35) 
Figure 12. Regions of Possible Solution for Reflectances 
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Figure 13. Regions of Possible Solution for Reflectances 
Obtained at 35° and 50° 
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It would seem that if solutions are to be possible 
when the large angle is on the order of eighty-five degrees, 
the reflectance value measured at that angle must be greater 
than .5, regardless of the value of the reflectance at the 
smaller angle. The exception of this occurs when the small 
angle is close to the large angle as in the case of sixty-
five degrees and eighty-five degrees. If the large angle is 
on the order of sixty-five degrees or smaller, reflectance 
values measured at the large angle must be at least as high 
as those measured at the small angle for solutions to be 
possible. 
If reflectance values do not fit this pattern, it may 
indicate errors in the measurement. 
B. PLOTTING THE ISOREFLECTANCE CURVES 
In this section, the actual method of determining n and 
k will be discussed. Various computer techniques have been 
devised to arrive at the isoreflectance curves. Most are 
quite complicated. The method used here is very simple. 
The technique, called Successive Bisection, can be found in 
most elementary numerical analysis textbooks [31]. A detailed 
flow chart, as well as the program itself, appears in the 
Appendix. 
here. 
Therefore, only a brief discussion will be given 
35 
Simply put, given a reflectance value and the angle of 
incidence at which the reflectance was measured, the program 
starts with a first value of n and searches for a k which 
will bring the resulting calculated reflectance value within 
an arbitrarily small value of the measured reflectance value. 
For this work, the initial value of n was 0.01 and the 
arbitrarily small value used for comparison of the measured 
and calculated reflectance values was 0.05. Once a k is 
found, the next value of n is chosen, and the entire process 
continues until an upper l~mit of n is reached. At that time, 
a new reflectance value and a new angle are read or the program 
terminates. For this work, n was increased at each step by 
0.01 up to a limit of 6.0, and although no limit on k is 
necessary, except that it be positive, a maximum k of 10.0 
was chosen as a matter of convenience in plotting the iso-
reflectance curves automatically. 
C. ON CHOOSING APPROPRIATE ANGLES OF INCIDENCE 
Based upon Hunter's [6] error studies, it became evident 
that certain choices of angles gave better results than others. 
It was his work that concluded that the sensitivity of re-
flection methods such as this one is determined by the angle 
of intersection of the isoreflectance curves. 
In an effort to decide which choices would give the 
best results over a wide range of nand k combinations, a 
very large number of graphs were plotted, each containing 
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ten isoreflectance curves. The curve parameter was the 
angle of incidence, which ranged from t t · 
en o s~xty degrees 
by steps of ten degrees and from eighty to eighty-six degrees 
by steps of two degrees. Optical constants considered went 
from n equal to 0.05 to n equal to 5.0, in steps of 0.5, and 
k equal to 0.0, 1.0, 2.0, 3.0, and 4.0. 
First, the chosen optical constants and the selected 
angles were used to compute the exact reflectance values. 
These values and the angles corresponding to them became 
data for the program described earlier. Examples of the 
resulting isoreflectance curves are illustrated in Figures 
14 through 17. 
Examination of all the curves made several facts clear 
immediately. For angles of fifty degrees or less, the iso-
reflectance curves for a particular desired solution of n 
and k were almost indistinguishable. Consequently, a 
choice of two angles in the range of fifty degrees or less 
would be an exceedingly poor choice. As the n desired gets 
larger, curves for sixty degrees tend to merge with t he 
curves of smaller angles, although in most cases the curves 
are still separate. When both n and k are large, the curves 
for eighty and eighty-two degrees come together but are 
still separated from the curves of the smaller angles. 
In order to keep the angles of intersection of the 
curves as large as possible (approximately ninety d egr e es 
is ideal), it was conclude d tha t one a ngle should b e sma ller 
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Figure 17. Ideal Xsoreflectance Curves Resulting in n=S.O 
and k=4.0 
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It may be noted that not all of the curves in a partic-
ular group intersect at the same point, as shown in Figure 
14. In such cases, nand k are generally determined by 
computing the center of gravity of the figure formed by 
the intersections of the isoreflectance curves. The values 
obtained in this manner are checked by inserting them in 
the Fresnel equations and comparing the computed reflectance 
values and the measured reflectance values. 
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V. ERROR ANALYSIS 
It was determined from Figures 8 through 13 that only 
certain reflectance values would give any common solutions 
at all, and from Figures 14 through 17 that one angle chosen 
below fifty degrees and the other eighty-four degrees or 
above would give the greatest accuracy once the isoreflec-
tance curves had been plotted. One topic remained before 
the method could be applied to a material of unknown n and 
k, and that was to make some statement about the effects of 
errors in the measured reflectance values on the resulting 
determined values of n and k. 
Metals are the materials of greatest interest in this 
study, and as can be seen from Table II, metals display a 
wide range of n and k values. Consequently, the bulk of 
information necessary to make a truly general error analysis 
would be very large. Thus, the analysis was done for a 
particular metal with the hope that the results would be 
indicative of error effects on other solids. The metal 
chosen was aluminum with a n of 1.44 and a k of 5.32 at a 
wavelength of 0.589 ~ [32]. Aluminum was chosen because it 
is a common metal, and because reflectance data from the 
laboratory was available for an aluminum sample. 
Assuming that all of the angles involved would be 
exactly correct, isoreflectance curves were calculated and 
plotted for angles of ten through sixty degrees (ten degree 
intervals). Each of these curves were combined with the 
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curves for eighty, eighty-two, eighty-four, and eighty-six 
degrees. The resulting values of n and k were then deter-
mined. 
Next, a positive error of one percent was introduced 
into the reflectance and the resulting isoreflectance 
curves were plotted. A negative error of one percent was 
introduced and these isoreflectance curves were plotted also. 
Then the isoreflectance curves were combined in such a way 
as to display all possible combinations involving one per-
cent error in the reflectance values. The possible combina-
tions are: (-,-)' (0,0)' (-,+)' (0,-)' (0,0)' (0,+)' 
(+,-), (+,0), and (+,+),where the signs indicate whether 
the error is positive or negative and the condition at the 
smaller angle is noted first in each set. The "0" indicates 
no error. In each case, n and k were determined and the 
percentage error was calculated. A sample of the curves for 
an error of one percent at angles of thirty degrees and 
eighty-four degrees is included in Figure 18. It can be seen 
from this figure that the negative one percent error had little 
effect on the resulting n and k values. 
Subsequently, errors of two percent, three percent, and 
f ive percent we re introduced into the r e f l e cta nce v a lues a nd 
the same plotting procedure was carried out in each case. 
Error tables, such as the ones in Fig u r es 19 and 20, were 
cons tructe d f o r each pair o f a n g l es . 
From the large number of computations made, several 
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Figure 18. Effect of 1% Error in Reflectance Values on 
the Optical Constants of Aluminum 
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RESULTANT o/o ERROR in n 
-5·0 1·0 0·0 -1·0 -3·0 -1·0 -12·0 X X X 
-3·0 3·0 0·7 0·7 0·0 0·0 ~0·0 X X X 
o/o -2·0 3·0 0·7 0·7 0·7 r-0·7 -11·0 X X X 
ERROR 
-1·0 2·0 2.0 0·0 0·0 0·0 HOO X X X 
R(30) 0·0 4·0 3·0 1·0 0·0 0·0 -10·0 X X X 
1·0 tJ·O 10·0 10·0 10·0 10·0 -2·0 H3-0 X X 
2·0 29·0 26.0 26·0 25-0 26·0 ~6·0 ~3·0 16·0 X 
3·0 65·0 60·C 600 51-Q 58·0 ~9·0 11·0 -3-0 -2&C 
5·0 X X X X X X X 740 11·0 
-5·0 -'3·0 -2·0 -1·0 0·0 1·0 2·0 3·0 5·0 
o/o ERROR R(84) 




RESULTANT o/o ERROR in k 
-5·0 -2·0 -2·0 -1·0 1-0·4 -Q·8 5·0 X X X 
-3·0 -2·0 ~o.a -0·8 -0·4 -0·4 5·0 X X X 
---
o/o -2·0 -2·0 -0·8 1-0·8 -0·8 t-0·4 6·0 X X X 
ERROR 
-1·0 -2·0 1-0·6 0·0 0·0 0 ·0 5·0 X X X 
R(30) 0·0 -1-0 -0·8 -0·8 0·0 0·0 5·0 X X X 
1·0 -Q·4 0·9 1·0 1·0 1·0 7·0 14·0 X X 
2·0 -0·4 0·2 0 ·2 3·0 0·2 9·0 15·0 23·0 X 
3·0 -4·0 -3·0 -3·0 ~2·0 -2·0 7·0 17·0 ~3·0 ~4·C 
5·0 X X X X X X X no 41·0 
-5·0 1-3·0 1-2·0 -1·0 0·0 1·0 2·0 3·0 5·0 
o/o ERROR R(84) 




A negative error (regardless of its size) 
introduced into the reflectances at either 
the larger angle or the smaller angle or both 
resulted in generally insignificant errors in 
n and k, as long as the large angle was 
eighty-four or eighty-six degrees, and the 
error was not combined with a positive error 
at the second angle. In most cases, the 
error was one percent or less. 
2. For small angles, fifty degrees or less, 
errors of the (-,-), (-,0), and (0,-) variety 
give approximately the same error in n and k 
regardless of the size of the smaller angle 
as long as the larger angle is eighty-four 
or eighty-six degrees. 
3. In general, as the level of positive error 
introduced into the reflectance values in-
creased, the errors in n and k both became 
very large for all angle combinations. In most 
cases, involving positive errors of two or three 
percent at one angle and negative errors or 
no errors at the other, errors in n and k were 
greater than one hundred percent or the curves 
failed to intersect at all (essentially an in-
finite error) . Errors of this type are shown 
in Figures 19 and 20 as X's. 
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4. Positive errors at the larger angle caused 
more serious problems than at the smaller angle 
but in no case does positive error combined 
with a negative error or no error result in 
insignificant or even reasonable errors in n 
and k. 
5. Positive errors in reflectance values at both 
angles result in severe errors in n and k, 
but these errors still are not as large as those 
that result when there is a positive error at 
only one of the angles. 
In view of these general trends, it is concluded that 
any factor which might lead to over-estimates of reflectance 
during measurement should be viewed with caution. One source 
of possible difficulty might be in the treatment of the 
dark level reading of the detection system. Three measure-
ments are needed to arrive at a correct reflectance value: 
(a) a reading of the detector with the sample in place at 
a particular orientation (V.), (b) a reading of the detector 
1. 
looking directly at the source without the reflecting sample 
in place (Vt), and (c) a reading of the detector with the 
shutter closed (b) . These readings are related to correct 
reflectance values according to equation (9): 
R = 
v . - b 
1. 
Many times the reflectance value is defined as: 
( 9) 
R of equation (9) 
V. 




















to yield equation ( 11) : 
b2 
0 [-2]. (11) 
vt 
It is obvious that the correct reflectance value (equation 
(11)) is less than that resulting from equation (10). There-
fore, it is apparent that if the dark level is either ignored 
or under-estimated, significant positive errors can result 
in the resulting reflectance values. A reflectance value 
under-estimated by as much as five percent will give more 
accurate values for n and k than a reflectance value over-
estimated by as little as two percent. Therefore, care must 
be taken to avoid under-estimating the dark level of the 
detecting system. 
VI. OPTICAL CONSTANTS OF A LABORATORY MIRROR 
Following the procedures outlined in Section IV, an 
attempt was made to determine the optical constants of a 
laboratory mirror. The mirror was listed as an aluminum 
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first surface variety with a protective overcoat, the 
nature of which was unknown. It is assumed that some 
oxidation had taken place and that the mirror probably 
carried an accumulation of other contaminants also. Thus 
it was taken for granted that the determined values of n 
and k would not agree with the values published in the 
literature. Nevertheless, if measurements made at a large 
number of angles could be shown to result in approximately 
the same n and k, the method (and the computer program 
designed for it) could be considered a success. 
Reflectance measurements of this mirror were made in 
the spring of 1971 by Tilak Raj Sawheny, then a graduate 
student. A wavelength interval around 0.55 ~was used and 
angles of incidence varied from five degrees to ninety degrees 
at five degree intervals. The measurements, recorded as 
voltages, were normalized to that for ninety degrees inci-
dence. Figure 21 illustrates the variation of these 
normalized quantities with angle of incidence. 
Based on the error studies of the previous section, the 
isoreflectance curve for the reflectance value at eighty-five 

















Figure 21. Angular Reflectance for a Laboratory Mirror 
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reflectance values at five degrees through sixty degrees 
(five degree intervals) would be plotted. Several of the 
resulting graphs are shown in Figures 22, 23, and 24. 
As might have been expected, the curves for eighty-
five and sixty degrees resulted in no intersection at all. 
All other pairs of curves achieved intersection and the 
resulting n's and k's were plotted against the small angle 
of incidence in Figure 25. Good agreement was obtained in 
the range from thirty to fifty degrees. At angles of less 
than thirty degrees, both n's and k's exhibited positive 
deviations from the thirty to fifty degree range, and at 
fifty-five degrees the deviation was negative. 
Because agreement was so good in the thirty to fifty 
degree range, those values for the optical constants con-
sidered to be approximately correct. Since there were small 
deviations even there, average values were computed and 
the probable constants are n equal to 1.09 and k equal to 
6.37. Instead of averaging, the usual method of determining 
the constants consists of computing the value of the center 
of gravity of the figure formed by the intersections of the 
isoreflectance curves when they are all plotted on the same 
page. This method was not used here because there was close 
enough agreement that it was felt nothing could be gained 
by the more complicated procedure. 
Once n and k were determined, it was necessary to find 
out why the observed deviations had occurred in the small 
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Figure 22. Optical Constants of a Laboratory Mirror as 
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Figure 23. Optical Constants of a Laboratory Mirror as 
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Figure 24. Optical Constants of a Laboratory Mirror as 
Determined by Reflectance Values at 55° and 85° 
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Figure 25. Optical Constants of a Laboratory Mirror as 





the good results provided by five of the ten pairs of curves 
that resulted in intersections. It was impossible to review 
the laboratory technique used because the measurements were 
made long ago and, therefore, the means by which errors 
might have occurred will not be discussed. Consequently, 
the next step was to determine if reasonable errors in the 
reflectance measurements could possibly have resulted in 
the kinds of errors observed in the optical constants. 
Error studies had indicated that if a positive error 
was made in the reflectance at either of the two angles 
involved, serious errors in n and k could result. It was 
also indicated that if an error occurred at eighty-four or 
eighty-six degrees, and no error was involved at angles from 
ten to fifty degrees, the graphical procedure would result 
in the same n and k pair, regardless of the size of the 
small angle because isoreflectance curves for angles of 
fifty degrees or less are essentially the same when no error 
has been introduced into the reflectance value. 
Regardless of whether an error occurred at eighty-five 
degrees or not, it is obvious that errors must be involved 
in the measured reflectance values at angles of five to 
twenty-five degrees and at fifty-five degrees. To find out 
what magnitudes of error would result in the observed devia-
tions of n and k, the reflectance values was calculated for 
each angle using ann of 1.09 and a k of 6.37. When these 
values were compared with the measured values, it was found 
58 
that a positive error in the reflectance value of three 
percent or less would result in the deviations observed at 
the smaller angles and a negative error of one percent 
would account for the deviation seen at fifty-five degrees. 
Table IV summarizes these results. 
An interesting fact is that from the percentage devia-
tion of n and k from the calculated average n and k, it was 
possible to predict a percentage error in the reflectance 
values at the small angle by using the error tables 
presented in Section V. These predictions turned out to be 
fairly good and although it is recognized that this is at 
least partly the result of the n and k for the mirror being 
close to those for the aluminum in the error study, it does 
suggest that the trends observed in Section V may be generally 
applicable. 
TABLE IV 
OPTICAL CONSTANTS OF A LABORATORY MIRROR 
¢1 R (¢1) n k % ERROR % ERROR % ERROR n k R (¢1) 
-
so 0.945 1.40 7.01 +28 +10 +3 
100 0.945 1.40 7.01 +28 +10 +3 
15° 0.937 1.28 6.84 +17 +8 +1.8 
20° 0.930 1.19 6.71 +9 +5 +1.4 
25° 0.922 1.13 6.51 +4 +2 +0.7 
30° 0.915 1.08 6.36 -.9 -.2 -0.2 
35° 0.915 1.09 6.37 0 0 0 
40° 0.915 1.10 6.40 +. 9 +.5 +0.03 
45° 0.910 1.08 6.33 -.9 -.6 -0.3 
-
50° 0.910 1.10 6.37 +.9 0 +1.0 
55° 0.895 1.04 6.14 -5 -4 -1.0 
(a) All R(¢ 1 ) curves are plotted with R(85). 
(b) All errors are calculated according to results for 
R(35) and R(85), which are the equal to the average 
nand kin the thirty to fifty degree range of ¢1 . 
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VII. CONCLUSIONS AND RECOMMENDATIONS 
A. CONCLUSIONS 
It is apparent that if adequate care is exercised in 
the laboratory, one measured average reflectance value at 
each of two angles may be used to determine the optical 
constants of a bulk solid material with considerable success. 
Simultaneous solution of the Fresnel equations by this 
method is restricted to certain values of reflectance which 
have been determined for several angles of incidence. Meas-
urements at these angles which do not fit into these regions 
of possible solution are indicative of possible laboratory 
error. 
Sources of positive error in reflectance measurements 
must be dealt with very carefully since the method is very 
sensitive to such errors. On the other hand, negative 
errors usually are not particularly significant. 
A good estimate of hemispherical reflectance can be 
obtained by simple application of the Fresnel relations. If 
n and k are known, the choice of an angle of sixty degrees 
will give an angular reflectance approximately equal to the 
desired hemispherical reflectance. 
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B. RECOMMENDATIONS 
Several areas could use additional investigation. In 
view of the sensitivity of this method to positive errors in 
measurement of reflectance values, it would be interesting 
to explore the possibility of building in a negative correc-
tion factor to offset possible positive errors. This might 
be feasible since small negative errors generally are not 
significant. 
Error studies should also be extended to include a 
variety of n and k combinations to determine if the trends 
observed here are general or apply only to values chosen in 
the same range of those chosen for this study. Although 
the results of the laboratory mirror analysis indicated a 
certain generality, the constants for the mirror were still 
fairly close to those used in the error study. 
Since the accuracy of the isoreflectance curves is only 
as good as the method used to obtain them, further develop-
ment of the computer technique might be useful. Possibly 
the program included here could be used as a tool to obtain 
starting values for a more precise routine. 
Lastly, applications should be made of the method to 
more measurements directly from the laboratory for materials 




1. NBS Symposium on the Ellipsometer and Its Use in the 
Measurement of Surfaces~ E~lipsometry in the Measure-
ment.of Surfaces and Th1n F1lms Symposium Proceedings, 
Wash1ngton 1963, eds~ E. Passaglia, R. R. Stromberg, 
and J. Kruger. Wash1ngton: Government Printing Office 
1964. ' 
2. Tousey, Richard. "On Calculating the Optical Constants 
from Reflection Coefficients," J. Opt. Soc. Am. 29, 
235-239, (1939). 
3. Judd, Deane B. "Fresnel Reflection of Diffusely 
Incident Light," J. Res. of N.B.S. ~' 329-332, (1942). 
4. Avery, D. G. "An Improved Method for Measurements of 
Optical Constants by Reflection," Proc. Phy. Soc. B. 
65, 425-248, (1952). ---- --- -
5. Humphreys-Owen, S. P. F. "Comparison of Reflection Methods 
for Measuring Optical Constants Without Polarimetric 
Analysis and Proposal for New Methods Based on the 
Brewster Angle," Proc. Phys. Soc. (London) ?_2, 949-957, 
(1961) • 
6. Hunter, w. R. "Errors in Using the Reflectance vs Angle 
of Incidence Method for Measuring Optical Constants," 
J. Opt. Soc. Am. 55, 1197-1204, (1965). 
7. Holl, Herbert B. "Numerical Solutions of the Fresnel 
Equations in the Optical Region," Proc. of the Symposium 
on Thermal Radiation of Solids (NASA, March 4-6, 1964), 
ed. s. Katzoff. Washington: Government Printing 
Office, 1964. 
8. Komrska, Jiri. "Graphs of quantities describing reflec-
tion and refraction of a plane electromagnetic wave 
at a plane boundary of two homogeneous isotropic 
dielectrics," Optica Acta 15, 3 8 9-4 09, (19 6 8) . 
9. Querry, Marvin R. "Direct Solution of the Generalized 
Fresnel Reflectance Equations," ~· Opt. Soc. Am. ~' 
876-877, (1969). 
10. Field, G. R. and Murphy, E. "Method of Using ti:e 
Reflectance Ratios of Different Angles of Inc1dence 
for the Determination of Optical Constants,"~· 
Opt . 1 0 , 14 0 2-14 0 5 , ( 19 71) • 
63 
11. Arm~ly, B. F., Ochoa, J. G., and Look, D. c. "Restric-
t1ons on the Inversion of the Fresnel Reflectance 
Equations," App. Opt. 11, 2907-2910, (1972). 
12. Hunderi, 0. "New Method for Accurate Determination of 
Optical Constants," ~- Opt. 11, 1572-1578, (1972). 
13. Querry, M. R., Curnutte, B., and Williams, D. "Refrac-
tive Index of Water in the Infrared," J. Opt. Soc. 
Am. 59, 1299-1305, (1969) 
14. Rusk, A. N., Williams, D., and Querry, M. R. "Optical 
Constants of Water in the Infrared," J. Opt. Soc. Am. 
61, 895-903, (1971). 
15. Popova, S. I., Alperovich, L. I., and Zolotarev, v. M. 
"Optical Constants of Liquid Water and Ice in the 
2000-100 A Region," Optics and Spectroscopy 32, 288-
289, (1972). -
16. Hale, G., Querry, M., Rusk, A., and Williams, D. 
"Influence of Temperature on the Spectrum of Water," 
J • Opt . Soc . Am . 6 2 , 11 0 3 -11 0 8 , ( 1 9 7 2 ) . 
17. Hale, M., and Querry, M. "Optical Constants of Water 
in the 200 nm to 200 lJID Wavelength Region,"~· 
Opt. 12, 555-563, (1973). 
18. Ruiz-Urbieta, M., Sparrow, E. M., and Eckert, E. R. G. 
"Methods for Determining Film Thickness and Optical 
Constants of Films and Substrates," ~· Opt. Soc. Am. 
61, 354-359, (1971). 
19. Ruiz-Urbieta, M., Sparrow, E. M., and Eckert, E. R. G. 
"Film Thickness and Refractive Indices of Dielectric 
Films on Dielectric Substrates," J. Opt. Soc. Am. !.2_, 
1392-1396, (1971). 
20. Collins, J. R., and Bock, R. 0 . "Determination of 
Optical Constants of Metals by Reflectivity Measure-
ments," The Review of Scientific Instruments 14, 135-
141, (1943). -
21. Simon, Ivan. "Spectroscopy in Infrared by Reflection 
and Its Use for Highly Absorbing Substances," J. Opt. 
Soc. Am. 41, 336-345, (1951). 
22. Miloslavskii, V. M. "Use of the Kramers-Kronig Integral 
Relations for Determining the Optical Constants of 
Metals in a Limited Spectral Region," Optics and 
Spectroscopy 21, 193-195, (1966). 
64 
23. Kolb, D. M. "Determination of the Optical Constants of 
Solids by Reflectance-Ratio Measurements at Non-Normal 
Incidence," J. Opt. Soc. Am . .§1_, 599-600, (1972). 
24. Znamenskii, V. B. "Variant of the Determination of 
Optical Constants of a Metal by the Reflection Method," 
Optics and Spectroscopy 32, 213-214, (1972). 
25. Born, Max and Wolf, Emil. Principles of Optics. Oxford: 
Pergamon Press, 1970. 
26. Love, T. J. Radiative Heat Transfer. Columbus, Ohio: 
Merril Publishing Co.~68. 
27. Lavin, E. P. Specular Reflection. New York: American 
Elsevier Publishing Co., 1971. 





Springer-Verlag New York, 1969. 
Sparrow, E. 1"1., and Cess, R. D. Radiation Heat Transfer. 
Belmont, California: Brooks/Cole Publishing Co., 
1966. 
Siegal, R., and Howell, J. R. Thermal Radiation Heat 
Transfer, Vol. 1. Washington: Government Printing 
Off1ce, 1968. 
McCalla, T. R. Introduction to Numerical Methods and 
FORTRAN Programming. New York: John Wiley and Sons, 
1967. 
Hodgeman, Charles D., ed. Handbook of Chemistry and 




Carol Jeanne Warren was born on May 22, 1948, in 
Omaha, Nebraska. After completing her secondary education 
in Kansas City, Missouri, she enrolled in the University of 
Missouri - Rolla, from which she received a B.S. degree 
in Metallurgical Engineering-Nuclear Option in 1971. Since 
that time she has attended the Graduate School of the 
University of Missouri - Rolla, Departments of Engineer-
ing !1anagement and Mechanical and Aerospace Engineering. 
APPENDIX 
SUCCESSIVE BISECTION TECHNIQUE FOR DETERMINING OPTICAL 
CONSTANTS 
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The purpose of the successive bisection program is to 
determine the values necessary to plot the isoreflectance 
curves needed to invert the Fresnel equations. The program 
consists of two parts. The main program contains the 
Successive Bisection and Subroutine Bask and has the func-
tion of computing reflectance values directly from the 
Fresnel equations. A plotting routine may be easily in-
corporated into the main program, if automatic plotting is 
desired. 
The program is represented by a flow chart in Figure 
26 with the exception of Subroutine Bask, which is extremely 
simple and thus was not included in the flow chart. Values 
for n, k, and the angle of incidence are contributed to the 
subroutine from the main program, and the regular (average) 
reflectance is returned. 
In the flow chart, and the program following it, the 
following nomenclature is used: 
c Angle of incidence in degrees 
APHI Angle of incidence in radians 
RHOPHI Measured reflectance value 
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ANA n 
xo Lower approximation for k 
XT Upper approximation for k 
XB Average of xo and XB 
ARHOO Reflectance calculated using APHI, ANA, and xo 
ARHOT Reflectance calculated using APHI, ANA, and XT 
ARI-IOB Reflectance calculated using APHI, ANA, and XB 
EPSI Convergence Criterion 
APHI: C/57·29578 
EPSI = 0 ·05 
ANA = 0·0 
I= 0 
I= I+ 1·0 
xo = o-o 
XT = 1·0 
ANA= ANA+ 0·01 




XB = (X O+XT)/2 
F 
Figure 26. Successive Bisection 
Flow Chart 
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XT = XT+ 10 ·0 
XO= XB 
J = J+I·O 
DELOS =DELO· 
DELB 
>--4~--1 X T = X 8 
J=J+I·O 






















IF(ABS(XT-XO) .LE.EPSI) GO TO 23 
DELOB=DELO*DELB 
IF(DELOB.LE.O.O) GO TO 17 
XO=XB 
J=J+1 
IF(J.GT.20) GO TO 10 
GO TO 3 
17 XT=XB 
J=J+1 
IF(J.GT.20) GO TO 10 
GO TO 3 
21 XT=XT+10.0 
IF(XT.GT.100.0) GO TO 3 
GO TO 10 























IF((AB+AST+STSQ) .GT. (10**10)) GO TO 11 
XRP=XRS*(AB=AST+STSQ)/(AB+AST+STSQ) 
GO TO 22 
11 XRP=O.O 
22 AVX=(XRS+XRP)/2.0 
RETURN 
END 
Z.37 311. 
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